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ABSTRACT The self-consistent-field (SCF) polymer brush theory of Milner-Witten-Cates is extended to 
the case of a polyelectrolyte brush, along the lines of earlier polyelectrolyte adsorption theories. This is 
accomplished by equating the sum of the electrostatic and nonelectrostatic potential fields to an overall parabolic 
potential; the conditions of validity of such a parabolic variation of the overall potential distribution have 
recently been established by Milner et al. Chains of segment length lo00 with a segment size of 1 nm are 
considered in a moderately good solvent (x = 0.45). The effects of brush charge, indifferent electrolyte 
concentration, surface charge, and grafting density (u) on the segment density profiles, brush height, and free 
energy of polyelectrolyte brush are explored. The segment density profiles are observed to deviate from the 
parabolic shape with increasing brush charge and lower ionic strengths. While the brush height scales as d3 
for nonionic brushes, the exponent shows significant deviations from 113 for polyelectrolyte brushes with 
decreasing ionic strength. The scaling exponent for free energy, however, shows no significant deviation from 
its value of 213 for the nonionic brush. 

1. Introduction 
The properties of polymers a t  interfaces are of consid- 

erable interest in the area of steric stabilization of col- 
loid~.'-~ Charged polymers (polyelectrolytes) are also 
useful for selective flocculation of ores and for modifying 
the ion-exchange capabilities of the adsorbents.4 One very 
important application of a polyelectrolyte interface could 
be to change the permeability of porous media and make 
the permeability pH sensitive. It has been shown that 
polyelectrolyte adsorption in porous membranes could 
make their permeability characteristics pH sensitive.s96 
Indeed, as suggested by Idol and Anderson! by suitable 
tailoring of polymeric molecules one can improve the se- 
lectivity of an otherwise nonselective membrane. 

Polymer brushes are formed by grafting polymer chains 
terminally to the surface, in high density. One method of 
accomplishing this is by the adsorption of macromolecular 
amphiphiles (diblock copolymers), one block of which 
would show a high affinity for the surface, assuming a flat 
configuration next to the adsorbing surface. The other 
block, on the other hand, would have no affinity for the 
surface and would stretch away from the surface into the 
solvent. Brushes formed by such diblock copolymer ad- 
sorption offer definite advantages over the adsorption of 
homopolymers.' Any bridging, in the case of colloid sta- 
bilization, would be precluded since the chains extending 
from one surface would have no affinity for the other 
surface. Also, since the bonds between the binding poly- 
mer block and the adsorbing surface are very strong, de- 
sorption of the adsorbed block would not occur easily, and 
the interface would retain ita properties almost indefinitely. 
In the case of membrane permeability, it would mean that 
the alteration in the membrane properties would be made 
permanent by grafting a polyelectrolyte brush within the 
pores. 

The properties of polymers in solution and at interfaces 
have been the subject of much investigation. Various 
approaches to describing the configuration of terminally 
attached nonionic polymer chains have been used. 

Using Flory arguments of global energy balance and 
scaling principles, Alexander' and de Gennes8s9 concluded 
that in the adsorbed brushes the polymer chains are highly 
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stretched and that the segment density distribution (SDD) 
in the brush layer is uniform for almost the entire length 
of the brush. 

The self-consistent-field (SCF) approach provides a 
powerful tool for the study of polymer chain conforma- 
tions. In this approach, no a priori assumptions are made 
for the segment density distribution of the polymer chains. 
The distribution arises by solving the field equation in 
which the potential field acting on each segment depends 
upon the density distribution itself. A latt ice version of 
this approach, developed by Scheutjens and Fleerlo for 
homopolymer adsorption, has been utilized by Cosgrove 
et al." and by Hirzlg for describing terminally attached 
chain configurations as well. The segment density dis- 
tributions obtained by Cosgrove et al. and by Hirz, how- 
ever, differ from the uniform segment density predicted 
by scaling analysis. 

The self-consistent-field (SCF) approaches in continuum 
have been used extensively for describing the configuration 
of homopolymers by Edwards, de Gennes, Dolan and Ed- 
wards, Helfand, Richmond and Jones, and Polehn et al.12-18 
It has been pointed out by early inve~tigat0rs'~J~ that there 
exists a strong analogy between configurations of flexible 
polymer chains and the paths of quantum-mechanical 
particles. Recently, Milner et al.19 have described the 
properties of a grafted brush using the SCF approach in 
continuum. However unlike many other studies employing 
continuous space SCF formalism, which focus on the sit- 
uations where the physics of the system is dominated by 
the so-called "ground-state" solution of the relevant SCF 
(Schroedinger) equation, Milner et al. solve the SCF 
equation in its "classical limit" (after delineating the 
conditions under which the partition function of the brush 
is dominated by the classical paths of the polymer chains). 
Specifically, they have established, under the conditions 
leading to brush formation, an analogy between the con- 
formation of a polymer chain and the path of a Newtonian 
particle of unit mass moving under the influence of a po- 
tential field. Further, assuming that all the grafted chains 
are of equal length, they have shown that, within the brush, 
the potential variation with the distance from the grafting 
surface is parabolic. This is quite an elegant and sur- 
prisingly simple result. In the cases where the segment 
density is not too high, it is shown by Milner et al. that 
the segment density distribution itself is parabolic. This 
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result compares extremely well with the lattice theory 
based computations of Hirz and those of Cosgrove et al. 
(for the larger chain length of 250) but is at variance with 
the uniform segment density prediction of Alexander and 
de Gennes. However, the predictions of Milner et al. for 
the scaling of brush height and free energy with chain 
length and coverage do coincide with those of Alexander 
and de Gennes. 

Experimental data on brush conformations are not ex- 
tensively available as yet. Studies, however, have been 
performed recently on force measurements between sur- 
faces with adsorbed diblock copolymersm*21 and on hy- 
drodynamic permeability of membranes with adsorbed 
diblock copolymers inside the pores.22 

In this work, the brush theory of Milner et al. is ex- 
tended to the case of a polyelectrolyte brush formed on 
a charged planar substrate immersed in an aqueous solu- 
tion of a Z:Z electrolyte. The approach is based on ex- 
pressing the total potential acting on the segments as the 
sum of the nonelectrostatic potential arising from the 
nonionic segment-segment and segment-solvent interac- 
tions and the electrostatic potential arising due to the 
charges on the substrate and on the segments. The total 
potential itself, however, remains parabolic as long as the 
conditions for the chain configuration-particle path 
analogy of Milner et al. are met and the chains are all of 
equal length. These conditions are discussed in the next 
section. The effects of brush charge, indifferent electrolyte 
concentration, surface charge and coverage on segment 
density, brush height, and free energy per chain are 
studied. A similar approach by Miklavic and Marce1jaz3 
was brought to our notice by one the referees. Their work 
is compared to the present effort in section 5. 

The organization of this paper is as follows. In the 
following section, those aspects of the polymer brush 
theory of Milner et al. that are relevant to the present work 
are briefly recapitulated. In section 3, the governing 
equations for extending the nonionic polymer brush theory 
to polyelectrolyte brushes are presented. This is followed 
by a brief outline of a numerical scheme for solving these 
equations in section 4. Finally, some results specific to 
polyelectrolyte brushes, obtained from the above model, 
are presented and discussed in the light of the predictions 
for nonionic brushes. 

2. Theory of Grafted Brushes 
First, the conditions under which terminally attached 

chains form a "brush" are reviewed as delineated by Al- 
exander and de Gennes. Subsequently, a brief description 
of those aspects of Milner et al.'s brush theoryl9 pertinent 
to the present work and the conditions under which the 
latter theory is valid are given. 

As pointed out by Alexander,' the spacing between the 
grafting points, D ,  is the important parameter that de- 
termines the conformation of the terminally attached 
chains. If D is of the order of, or greater than, the radius 
of gyration, R,, of free polymer chains, the grafted chains 
assume configurations resembling adjacent "mushrooms". 
On the other hand, if D < R,, the polymer chains stretch 
out into the solution, due to excluded volume interactions, 
forming a brush. de Gennesg points out that in this regime 
the chains build up a region of uniform segment concen- 
tration, whose thickness is given as 

h* = N U ( ~ / D ) ~ / ~  (1) 
where h* is the overall thickness of the brush, a is the 
segment size, and N  is the number of segments in the 
chains. The brush height h* thus scales as W N D - ~ / ~ .  de 
Gennes? however, also notes that, while the SDD remains 
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uniform throughout the brush height, there exist two end 
zones of approximate length D one next to the wall and 
one at  the the other end of the brush, where the segment 
density drops from the uniform value. In the zone near 
the wall, the density drops due to the segment-wall in- 
teractions (and entropic repulsions) in a power law fashion; 
at the other end, the segment density decays exponentially 

Turning to Milner et al.'s model, these authors used, as 
mentioned in the Introduction, a self-consistent-field ap- 
proach to describe the properties of the grafted brush. 
Their model brings out in an explicit manner the analogy 
between the configurations of the grafted chains and the 
trajectories of particles in a potential field, which permits 
them to obtain an elegant solution to the field equations. 
These authors exploit the insight provided by the theories 
of Alexander and de Gennes that the chains in a brush are 
strongly stretched (i.e., h* - N ,  see eq 1). Therefore, for 
long chains h* >> R, (-NIP). Under these conditions, the 
fluctuations of a grafted chain about its average configu- 
ration become unimportant (as their amplitude is -RJ.  
This observation is also supported by the lattice-based 
calculations of Cosgrove et al.," who show that with in- 
creasing chain length the fraction of segments bound to 
the adsorbing surface drops off and the chains are more 
and more stretched in the form of tails. This allows one 
to determine the brush properties (viz. h*, SDD, free en- 
ergy of the brush, etc.) on the basis of the average (or 
classical) configurations only. The problem is thus sim- 
plified since one has to account only for the classical paths 
of the chains instead of taking into account all paths, which 
would warrant the solution to the SCF equation involving 
the quantum-mechanical propagator, G (see ref 12 and 13 
for further details). As alluded to in the Introduction, the 
SCF approach requires a scheme to relate the potential 
field acting on a segment to the detailed structure of its 
environment. Milner et al. employ the so called mean-field 
approximation for this purpose; i.e., each segment interacts 
with all others only through an average concentration of 
segments. Such a mean-field approximation is valid when 
the grafting density is sufficiently high and the solvent 
quality is not too good. The latter requirement ensures 
that the chains do not repel each other strongly and the 
segment density does not become too low due to brush 
swelling. Milner et al. also assume that segment-wall 
interactions are absent. This assumption does not con- 
stitute a serious limitation since, according to de Gennes, 
under conditions leading to brush formation the seg  
ment-wall interactions are confined to a small length D .  
(See also Figure 4, ref 11.) These key observations form 
the basis for their analysis. 

The conformation of the ith chains may be represented 
by a set of N position vectors ri(n), where n (which assumes 
values 1 to N )  represents the rank of the segment. The 
rank of the grafted segment of the chain is N ,  and its x 
coordinate is x i ( N )  = 0, x being the direction normal to 
the wall. Considering that under strong stretch conditions 
the single-chain partition function is dominated by classical 
paths, one can neglect the contribution of nonclassical 
paths to the partition function. Milner et aL conclude that 
the change in free energy AFi upon removing one chain (or 
the logarithm of the single-chain partition function), 
keeping the others fixed, is given by 

to 

In eq 2, only the maximum term of the partition func- 
tion is retained, corresponding to the classical paths of the 
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@(x) = w-'(A(h) - B x ~ )  chains. The deviations around the classical paths are, as 
noted earlier, negligible, and hence the other terms in the 
partition function are unimportant. Here F is the free 
energy of the chains in the brush and 9 is the local segment 
volume fraction. The first term in eq 2 corresponds to the 
stretch free energy and the second to the excluded volume 
energy. This representation for the stretch free energy, 
as pointed out by Milner et al., breaks down when the 
brush length approaches the length of fully stretched 
molecules, since it is derived for the case of low orienta- 
tional order.13 (For a further understanding of the 
"energy-integral" of eq 2, see ref 13 and 19.) 

Using the mean-field approximation, one can substitute 
for the effective potential 

U(r) = -(aF/aa) (3) 

With this substitution, eq 2, as pointed out by Milner 
et al., corresponds to the path integral for one particle 
classical mechanics in potential U(r). The stretch energy 
corresponding to the kinetic energy of a particle whose 
position at  "time" in (where i = (-1)lI2) is given as ri(n). 

In the classical limit of highly stretched chains, Mi is 
minimized with respect to the path ri(n), to obtain the 
equation describing those paths that dominate the physics 
of the brush. All other paths are neglected. This is done 
by fixing each chain end and varying the path of the rest 
of the chain to obtain 

d2ri/dn2 = -V,U(r) (4) 
The above equation is analogous to the equation of 

motion of a classical particle in a potential U(r). 
As the second step, one varies the position of the free 

end of a chain, pi, while the conformation of the chain 
satisfies eq 4. 

(5 )  

Thus, a t  equilibrium eq 5 (implying minimum free en- 
ergy of system) will be satisfied subject to eq 4 (describing 
the conformation of the chains). 

At  the free end of the molecules, pi, the stretching rate 
is zero since the chains are in mechanical equilibrium or 

(2)l = o  
Pi 

Having established the analogy between a particle tra- 
jectory in potential U(r) and the conformation of a chain, 
Milner et al. then exploit the monodispenity of the chain 
length of the macromolecules. 

All the particles start a t  some distance (corresponding 
to x (pi)) from the walls with a zero velocity (see eq 6) and 
fall toward the wall under the influence of the potential 
U(r). However, since all chains are the same length, the 
"time" taken for these particles to reach the wall is the 
same. This would imply the potential of a harmonic os- 
cillator in the brush, with each particle executing one 
quarter cycle of its oscillation. In this case, the potential 
is one dimensional, so that U(r) U(x) and is given by an 
expression of the form 

(7) 

where B = a2/8W. The constant A is determined by a 
mass balance to ensure that the total amount of material 
in the brush equals the total amount of material grafted. 
The authors show that an expression of the type U = -w@, 
where w is the excluded volume parameter, leads to a 
segment volume fraction profile of the form 

-V(X) = A - Bx2 

Nuw Bh2 
A(h) = - + - h 3 

where u is the surface density of the grafted chains and 
h is the brush height. The brush height under no external 
forces is found as h* = ( ~ ~ / T ~ ) ~ / ~ ( u w ) ' / ~ N .  The brush 
height scales as - Also, since 0 - D-2, Milner et 
al.'s theory predicts a brush height that scales as -ND2I3. 
This is in complete agreement with the scaling predictions 
of Alexander and de Gennes. 
3. Extension to  Polyelectrolyte Brushes 

If the conditions for the SCF theory outlined in the 
previous section are satisfied, then one can extend the 
equal time argument for monodisperse chains to the case 
of polyelectrolyte brushes as well. The extension of the 
brush theory to polyelectrolytes is along the lines of 
Hemelink: Papenhuijzen et al.," and Van der Schee and 
L ~ k l e m a ? ~  who have extended for polyelectrolytes the 
polymer adsorption theories of Hoeve,= Roe,n and Sche- 
utjens and Fleerlo and respectively. As in the case 
of these theories, the total free energy of the system (F) 
is equated to the sum of the electrostatic (FE) and non- 
electrostatic ( F N )  parts: 

F = F N  + F E  (9) 

Since the total potential U(x) = -aF/a9 (see eq 3), we 
have 

where UN(x) and U&) represent the nonelectrostatic and 
electrostatic components of the total potential, respec- 
tively. 

Using the Flory solution theory for the free energy, F N ,  
one obtains the following expression for UN,18 which is valid 
for a wider range of segment concentrations compared to 
the expression employed by Milner et al.: 

(11) 

The electrostatic part, UE, of the total potential is given 

= -In (1 - a) - 2 x a  UN -- 
kT 

as24 

where @ is the electrostatic potential, f is the average 
degree of charging of the segments, 2, is the valence of the 
segments, and e is the protonic charge. All segments are 
assumed to be equally dissociated in this model, irre- 
spective of their spatial position in the brush, which makes 
f independent of x in the model. 

Since the potential is parabolic, using eq 10, 11, and 12, 
one can write 

CY - @t2 = -In (1 - @) - 2 x 9  - ru  (13) 
Here a nondimensional length scale, t ,  is used by scaling 
down x with a factor of K - ~ ,  the Debye screening length 
(defined later). Thus t = KX. u is the dimensionless po- 
tential Ze\k/kT, where Z is the valence of the cation of the 
symmetrical electrolyte considered here. Thus, r = - fZ , /Z .  
Taking the "time" coordinate as the contour length ( = n a ) ,  
instead of the segment ranking (=n) as done by Milner et 
al., one obtains /3 = a2/(82v2a2K2), which is the dimen- 
sionless version of the constant B defined by Milner et al. 
in eq 7. a is the dimensionless total potential of a segment 
located next to the wall, which can be determined as ex- 
plained in section 4. 
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To obtain the segment density profile, one has to solve 
the Poisson equation. This equation has to be solved for 
two regions: the inner or the brush region, which includes 
the fixed charges due to the polyelectrolyte in addition to 
the mobile ions of the electrolyte, and an outer region, 
where only the mobile ions of the electrolyte are present. 
The Poisson equation, assuming Boltzmann distribution 
for the mobile ions, takes the following form for the inner 
and outer regions, respectively: 
d2q$i) 
- 5 ! ! !  
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Since both the boundary conditions on u for the brush 
region have been established in the form of eq 18 and 23, 
one can now solve the Poisson-Boltzmann equation ex- 
clusively within the brush along with eq 13. Equation 13 
is differentiated with respect to t and solved simultane- 
ously with eq 16 for the segment and electrostatic potential 
profile. Substituting Yl = a, Y2 = di), and Y3 = du(')/dt, 
one obtains the following three governing first-order or- 
dinary differential equations: 

dYl rY3 - 2Pt 
(24) 

This equation is obtained by the differentiation of eq 
13. Equation 16 can be written as two first-order equations 
as follows: 

- -  - 
dt (1 - Y1)-' -2x 

- 
dx2 

E 

For the outer layer one has 

Here n, is the bulk electrolyte concentration, hI* is the 
equilibrium brush height of the polyelectrolyte brush, and 
us is the segment volume. The superscripts (i) and (0) refer 
to the inside and outside layers, respectively. Substituting 
u = ZeQ/kT and defining K - ~  = [ t k T / ( 8 ~ P e ~ n , ) ] ~ / ~ ,  one 
has, for the inner (or brush layer) 

, p U ( i )  r -- - sinh (us)  + -a; 0 I t I t* (16) dt2 2n,us 

and for the outer layer 
d2u(O) - -  - sinh (do)); 
dt2 

t * < t l m  

where t* = KhI*. 
u(j) and u(O) satisfy the following boundary conditions: 

as t - m, u(0) - 0 (19) 
where uo is the total surface charge density on the ad- 
sorbing plane. 

Equations 16 and 17 are solved for the electrostatic 
potential distribution within and outside the brush region, 
respectively, and the solutions are matched by requiring 
that the electrostatic potential and its derivative be con- 
tinuous at  t = t*. In other words 

.(i)(t=t*) = u(o)(t=t*) (20) 

The solution of the Poisson-Boltzmann equation within 
the brush region requires knowledge of a, the segment 
density distribution, which is yet to be determined. 
However, since the potential in the outer layer, do), does 
not require knowledge of 9, its solution can be readily 
written in the following analytical form by using the 
Guoy-Chapman theory: 

Using equations of continuity 20 and 21 and eq 22, one can 
write 

a t  t=t*, - du(i) = -2 sinh (T) (23) dt  

r 
2n,u, Yl 

d y3 
- = sinh Y2 + - dt 

The segment density is required to vanish at  the brush 

t = t*, Y1 = 0 (27) 

The boundary conditions given in eq 18 and 23 can be 
rewritten as 

t = 0, Y3 = - ~ a ~ / ( 2 Z e n , )  (28) 

t = t*, Y3 = -2 sinh (Y2/2) (29) 

respectively. Solution of the above governing equations, 
eq 24-26, requires knowledge of t*, which appears in the 
boundary conditions (eq 27 and 29). The value of t* is 
determined by requiring it to satisfy the constraint that 
the number of segments contained in the brush volume 
per unit area of the wall equals Nu. 

uNvS = ( ~ / K ) J  dt a ( t )  (30) 

Equations 24-30 form the complete formulation for the 
polyelectrolyte brush problem. The simultaneous solution 
of these equations yields the segment density profile. 

4. Segment Density Distribution and Free Energy 
Equations 24-30 represent a problem of solving a set of 

nonlinear ordinary differential equations with boundary 
conditions at two different points. The position of the end 
point t = t* itself is not known at  the outset. To begin 
with, an initial estimate was made for t* by using eq 8, 
where o was substituted by 1 - 2x. With this t*, eq 24-29 
were solved by using a fiiite difference technique to obtain 
the segment density distrubition, a@). In this case the 
IMSL subroutine BVPFD was employed to solve the set 
of differential equations. The density profile, Nt ) ,  was 
integrated to check whether it satisfied eq 30. The nor- 
malized error was defined, on the basis of eq 30, as 

height, giving us the boundary condition 

t' 

0 

where the superscript (k) denotes the solution at  the kth 
iteration. Subsequent values of t* were then determined 
by using the Regula-Falsi method. An interactive scheme 
using eq 31 and the Regula-Falsi method was set up to 
solve eq 24-29 until convergence was reached, i.e., when 
eq 30 was satisfied within some tolerance limit. The 
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DIMENSIONLESS DISTANCE, y 

Figure 1. Effect of brush charging r on the segment density 
distribution: 1:l electrolyte at 0.1 M ionic strength, x = 0.45, 
surface charge uo = 0.0, u = 1017 m-2, N = 1O00, a = 1 X lo4 m. 

DIMENSIONLESS DISTANCE, y 

Figure 2. Effect of ionic strength Z on the segment density 
distribution: 1:l electrolyte, r = 0.2, x = 0.45, surface charge uo 
= 0.0, u = 1017 m-2, N = 1000, a = 1 X 

Regula-Falsi method converged rapidly and satisfactorily 
to the final value oft*. The value of a, the dimensionless 
potential of a segment next to the wall, can now be de- 
termined by substituting the known profiles for di) and 
CP in eq 13. 

One can now use the computed values of a to do further 
computations for brush free energy. The free energy per 
chain, 9, is calculated (as discussed by Milner et al.) as 

m. 

= N x " d d  a ( d )  kT u 

5. Results and Discussion 
In the figures we discuss next, the effect of some im- 

portant variables on the segment density distribution is 
illustrated. The effects of r (the degree of segment 
charging), n, (the bulk electrolyte concentration), and d 
= u o ~ / ( 2 Z e n , )  (the dimensionless surface charge) are 
considered. Chains of N = 1000 segment length with a 
segment size of a = 1 nm are assumed. A 1:l electrolyte, 
in water a t  298 K, is considered. The segment volume is 
calculated as Y, = (r/6)a3 = 5.236 X lo-% m3. In Figures 
1-4, discussed below, the dimensionless distance from the 
surface, y, is the ratio of the actual distance from the 
surface, x ,  to the height of a free uncharged polymer brush, 
h*; i.e., y = (x/h*) .  Here h* was determined to be 2.62 
X lo-' m, for u = 1 X 10'' m-2. The radius of gyration, R,, 
of the (random freely jointed) chain is -1.3 X lo* m or 
h*/Rg - 20. This satisfies the strong stretch condition, 
yet h* is only 26% of the length of totally stretched chain. 
Hence the stretch free energy representation is satisfied. 
In all four figures, h* never exceeds about 70% of the fully 
stretched chain (or y* I 2.6), and the stretch representa- 
tion could be considered as a satisfactory approximation 
under the conditions explored in the figures. 

a' = 0 2  

El -d = 00 

a' = 0 2  

El -d = 00 

3 a' = 4 . 2  

c 9 
5 r 

I 
UJ 0.000 0.005 0.010 0.015 0.020 

DIMENSIONLESS DISTANCE, y 

Figure 3. Effect of surface charge uo on the segment density 
distribution: r = 0.2, 1:l electrolyte at 0.1 M ionic strength, x 
= 0.45, u = lOI7  m-2, d = uo~/ (2Zen , ) ,  N = 1000, a = 1 X lo4 
m. 

0 0 4  I 
0 04 0 08 

IONIC STRENGTH, M 

Figure 4. Effect of ionic strength Z on the brush height y*: x 
= 0.45, surface charge uo = 0.0, u = 1017 m2, N = 1O00, a = 1 X 
IO4 m. 

As illustrated by Figure 1, the brush height increased 
with increasing r, or brush charge. This is expected since 
with an increasingly charged brush the repulsion among 
the segments would become stronger, forcing the macro- 
molecules to stretch further and further. This causes the 
brush to swell. If the brush-forming chains were weak 
polyelectrolytes, their dissociation and hence the brush 
charge could be controlled by pH variation. 

In Figure 2, the effect of bulk electrolyte concentration 
is explored. It is noticed that with increasing electrolyte 
concentration the brush height decreases. This is not an 
unexpected result since with increasing electrolyte con- 
centration the electrostatic potential decays quickly, al- 
lowing the chains to concentrate closer to the surface. At 
low electrolyte concentrations, the brush charges are not 
screened effectively, leading to the swelling of the brush 
layer (analogous to nonionic brush swelling in good sol- 
vents) through repulsion between segments. 

The surface charge predominantly affects the density 
profile near the surface. Since the Debye screening length 
is a small fraction of the overall brush height, the effect 
of surface charge is limited to a small region of the brush, 
and the density profile away from the surface is not sig- 
nificantly affected by all but very high values of surface 
charge. Even in the presence of an opposite surface charge, 
the strong stretching assumption is not violated since the 
attraction of the chains to the surface is far outweighed 
by electrostatic and excluded volume repulsions. This is 
illustrated in Figure 3. 

Figure 4 demonstrates the effect of ionic strength on the 
brush height for various values of r.  As noted earlier, 
increased ionic strength leads to better screening of po- 
lyelectrolyte charges and less intersegmental repulsions. 
As expected, the brush height approaches the uncharged 
brush height with increasing ionic strength. Thus the 
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It is fair to point out (see also ref 24) that the use of the 
mean-field approximation is valid only at sufficiently high 
segment concentrations (or sufficient coil overlap), where 
the segments can be assumed to interact with each other 
and with the solvent through an average local concentra- 
tions; self-avoidance is not an important consideration. 
However, with low grafting density, increasingly charged 
brushes, or low ionic strengths, the brushes would tend to 
swell, leading to lowering of segment concentrations. At 
higher ionic strengths or lower segment charging (analo- 
gous to an only moderately good solvent), though, one 
could approach the results of this theory with more con- 
fidence. 

Since this manuscript was submitted for publication, the 
authors became aware of a similar extension of the Mil- 
ner-Witten-Cates theory by Miklavic and M a r ~ e l j a ~ ~  
through one of the referees. They treat the brush problem 
in the low potential regime and with low segment densities, 
which justifies using binary interactions for the nonelec- 
trostatic potential. Miklavic and Marcelja obtain analytical 
expressions for segment densities, free energy, and inter- 
action energy between two brushes; this affords a quick 
insight into the physics of a polyelectrolyte brush. How- 
ever, the treatment of the problem in the low-potential, 
dilute solution regime requires low grafting densities and 
low chain lengths. In this regime, the mean-field ap- 
proximation may not be strictly valid, since the coils may 
not overlap sufficiently. In any case, our approach would 
yield the same results as Miklavic and Marcelja's model 
in the low-potential, dilute segment concentration regime, 
since they define the total potential in a fashion similar 
to eq 10 and 13 (with w replaced by 1 - 2x for low segment 
densities). 

6. Conclusions 
This work extends the SCF approach of Milner et al. for 

nonionic brushes to polyelectrolyte brushes. The theory 
is based on the observation that one of the results of Milner 
et al., namely, that the overall potential field acting on the 
segments is parabolic, remains valid even in the presence 
of electrostatic interactions among the charged segments 
and between the segments and the substrate. No a priori 
assumptions were made for the segment density profile, 
which resulted as a consequence of the SCF equations 
using the mean-field approximation. The approach fol- 
lowed is along the lines of the theories of Hesselink, Pa- 
penhuijzen et al., and Van der Schee and Lyklema for 
polyelectrolyte adsorption. 

In contrast to the case of Milner et al., the computer 
segment density profiles are not parabolic due to the in- 
troduction of long-range electrostatic interactions, although 
the overall potential is. The present work, which is valid 
in the strong stretching limitlg for polymer chains, also 
predicts that both the segment density distribution and 
the brush height are significantly affected by the brush 
charge, and the surface charge density plays no appreciable 
role. The substrate charge has little effect on the segment 
density distribution since in the limit of long and highly 
stretched chains (where this theory is valid) the Debye 
screening length is a small fraction of the overall brush 
height, over the range of practically encountered ionic 
strengths. However, the surface charge would be expected 
to play a significant role for shorter brushes and for highly 
compressed brushes, where the brush height becomes 
comparable to the Debye screening length. 

As shown by Figure 1 and 2, both the brush charging 
and electrolyte concentration can affect the segment 
density profiles significantly. Since these parameters can 
be adjusted with relative ease by pH5,6 or ionic strength, 
one has the means to "control" the brush configuration. 

SLOPE i 021233 
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Figure 5. Effect of ionic strength I on the scaling of brush height 
y* with D: r = 0.2, x = 0.45, surface charge no = 0.0, N = 1000, 
a = 1 x 10-9 m. 
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Figure 6. Effect of ionic strength I on the variation of free energy 
per chain 3 with D: r = 0.2, x = 0.45, surface charge uo = 0.0, 
N = 1000, a = 1 x lo4 m. 

behavior of the polyelectrolyte brush approaches that of 
uncharged brushes with high ionic strengths. 

In Figure 5, the grafting density was varied between 2 
X 10l6 and 1 X lo1' m-2. The objective was to determine, 
in that range of grafting density, the effect of ionic strength 
on the scaling structure of the brush height with the av- 
erage spacing of grafting points, D. As noted earlier, the 
theories of Alexander, de Gennes, and Milner et al. predict 
that h* scales as D-2/3. As illustrated in Figure 5,  the 
scaling exponent deviated more and more from the value 
of -213 as ionic strength decreased and the electrostatic 
repulsions between the segments became stronger. With 
higher ionic strengths, the electrostatic repulsions between 
the chains were screened more effectively, and the behavior 
of the brush approached that of a nonionic brush. The 
scaling exponent under these conditions approached a 
value of -2/3. 

In Figure 6, the free energy, per chain of the brush, is 
computed for different ionic strengths and compared with 
that of a similar uncharged brush. The free energy in- 
creases by orders of magnitude for ionic brushes, especially 
as the ionic strength gets lower. This is not surprising since 
the electrostatic work to bring a chain to an already 
charged environment is very high compared with the ex- 
cluded volume interaction, which operates only at  short 
ranges. With lowered ionic strength, the charges are not 
effectively screened, and hence the free energy increases 
due to greater intersegmental repulsions. In the range of 
the parameters investigated in Figure 6,  the free energy 
scales with grafting density in the same manner irrespec- 
tive of the ionic strength and the scaling exponent (the 
slope of the line), at all ionic strengths, is the same as that 
for a nonionic brush. This is a surprising result since the 
scaling exponent for the brush height varies significantly 
under the same change in ionic strength. 
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In the case of microporous membranes with grafted po- 
lyelectrolyte brushes within the pores, one would have a 
permanently altered membrane with particular properties 
depending on the polyelectrolyte molecule. 

Experimental data on brush conformation are limited. 
Webber, Anderson, and JhonZ2 have performed a study on 
solvent flow through membranes with adsorbed diblock 
copolymers and measured the effect of solvent quality, 
molecular weight, etc., on the hydrodynamic thickness of 
the polymer layer. Hadziioannou et al. and Tauton et 
a1.20~21 have measured the forces between surfaces with 
adsorbed copolymers. These are some ways of probing the 
segment density in a brush. Direct measurements of 
segment density could be made by small-angle neutron 
scattering (SANS)28-30 or evanescent wave induced 
fluorescence  experiment^.^^^^^ As suggested by Milner et 
al., one could probe the end segment density distribution 
by fluorescent tagging of end segments and relate it to the 
total segment density distribution. This, as mentioned by 
them, would be a more robust test of the parabolic po- 
tential theory. Hydrodynamic thickness measurements 
can also be ~ s e d , ~ ~ v ~ ~  as mentioned earlier, as indirect 
methods, although the detailed picture can only be ob- 
tained by SANS or fluorescent tagging. 
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ABSTRACT The effect of steric hindrance on the synthesis of poly[(aryloxy)phosphazenes] that bear bulky 
aryloxy substituents is discussed. The syntheses of poly[ (aryloxy)phosphazenes] with the general formula 
[NP(OW),(OW'),],, where OW and OW' are phenoxy, 2-methylphenoxy, 4-methylphenoxy, 2-phenylphenoxy, 
3-phenylphenoxy, 4-phenylphenoxy, 4-benzylphenoxy, 4-cumylphenoxy, and 4-tert-butylphenoxy and x + 
y = 2, are described. These polymers were prepared by the interaction of the corresponding sodium aryloxide 
with poly(dich1orophosphazene) in dioxane a t  150 'C in an autoclave. This procedure allows the synthesis 
of poly[(aryloxy)phosphazenes] with bulky side groups while avoiding equilibration depolymerization. The 
influence of side group structural parameters on the thermal transition behavior of the polymers is discussed. 
The refractive indices of the polymers were measured by using a modified critical angle method a t  X = 632 
nm and were found to  vary between 1.561 and 1.686. 

A wide variety of poly(organophosphazenes) has been 
prepared by the replacement of the chlorine atoms in 
soluble poly(dich1orophosphaene) by organic nucleophiles1 
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such as amines, alkoxides, or aryl oxides.2 The properties 
of these polymers vary widely depending on the structure 
of the organic substituents attached to the skeletal phos- 
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